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I INTRODUCTION 


As is well known, most special fnnctions of mathematical physics admit extensions to a 
base q, which are called g-special fnnctions BBi- In the same way as Lie algebras and 
their representations provide a nnifying framework for the former, qnantnm algebras |Q are 
relevant to the stndy of the latter (see e.g. and references qnoted therein). 

Some time ago, Ridean and Winternitz P] introdnced a realization of the qnantnm 
algebra sng(2) on a real sphere (or, via a stereographic projection, on a real plane), and 
constrncted a basis for its irredncible representations (irreps) in terms of some fnnctions 
0^ -PMArg(cos6*) exp (— i(M + N)(j)). The fnnctions P^j^q{cos9) were called q- 
Vilenkin fnnctions becanse, for q = I, they rednce to fnnctions P^^(cos6') introduced by 
Vilenkin and related to Jacobi polynomials. 

Ridean and Winternitz did establish various interesting results for the g-Vilenkin func¬ 
tions, including their recursion relations, explicit expression, generating function, and sym¬ 
metry relations. They also compared them with other g-special functions, such as g- 
hypergeometric series, little g-Jacobi functions, g-spherical functions, and g-Legendre poly¬ 
nomials. Recently, the latter polynomials were further studied by Schmidt along similar 
lines 0. 

The realization of sug(2) on S^, introduced by Ridean and Winternitz, was used by 
one of the present authors (MIA) to set up sUq(2)-invariant Schrodinger equations in the 
usual framework of quantum mechanics |^. The corresponding radial equations can be 
easily solved for the “free” sUg(2)-invariant particle |]^, as well as for the Coulomb 
and oscillator o potentials. 

Although not explicitly stated in Ref. 0, the values of the deformation parameter g, 
considered there, are restricted to g G Close examination indeed shows that the 

explicit form of the function Qjqir]), tj = cot^(6'/2), entering the dehnition of the g-Vilenkin 
functions 0, is not valid for half-integer J values, whenever g runs over the unit circle. 

Though important both from the g-special function viewpoint, and from that of their 
applications in quantum mechanics, the question of the SU 5 ( 2 ) irrep unitarity was also left 
unsolved by Ridean and Winternitz. They only noticed 0 that their realization of SU5(2) 
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on S'^ is not unitary with respect to the scalar product used to unitarize the corresponding 
realization of su(2), and that a new scalar product should therefore be determined to cope 
with this drawback. 

The purpose of the present paper is twofold: hrstly, to hnd a solution for Qjqirj) for 
generic q & (i.e., for q different from a root of unity), and secondly, to unitarize the 

representations for both g G K’*', and generic q E S^. As a consequence, the explicit 
orthonormality relations of the g-Vilenkin and related functions will be established. 

In Sec. H, the representations of suq(2) on derived by Rideau and Winternitz, are 
briefly reviewed. The function Qjq{ri) is determined in Sec. H- The unitarization of the 
representations is dealt with in Sec. Sec. 0 contains the conclusion. 

II REPRESENTATIONS OF su,(2) ON 3 “^ 

Let us consider functions fiO^cf)) on a sphere S'^, dehned by Xq + Hq + Zq = 1/4. These 
functions can also be viewed as functions on a real plane, via the stereographic projection 
X = Xq/{1/2 — zq), y = l/o/(l/2 — -^o)- In terms of spherical coordinates on and polar 
ones on the plane, we have 

xq = I sin 0 cos 0, go = I sin 6^ sin 0, Zo = ^cos9, 

. . . ^ 

X = pcoscp, y = psmcp, p = cot-, 

0 < 6 < n, O<0< 27r, 0 < p < cxd. (2.1) 

Instead of the real variables x and g, one can use complex ones 

z = X + iy = p e*'^, z = x — iy = p e~^^. (2.2) 

Functions f{9, 0) on can thus be projected onto functions f{p, 0) on the real plane, or 
functions f{z,z) of a complex variable and its conjugate. 

The suq(2) generators H^, satisfy the commutation relations [Q 

q2R3 _ 2R3 

[H,, H±] = ±H±, [H^, H.] = [2H,]^ ^ ^ ^ , (2.3) 
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and the Hermiticity properties 


Hi = Hs, Hi = H^, (2.4) 

where in Eq. ( p.3|) , we assnme g = G M"*", or g = e*’’ G (bnt different from a root of 
nnity). From i /3 and H±, one can constrnct a Casimir operator 

C = H+H. + [H,]^ [Hs - 1], = H.H^ + [H,]^ [H, + 1]^ , (2.5) 

snch that [C, i/ 3 ] = [C, H±] = 0. 

The generators i/ 3 , i/+, i/_ can be realized by the following operators, acting on 
fnnctions f{z,z) or 


Hs 

H_ 


-zdz + zdz - N = id^ - N, 




T-N 




z[T + iV],g^-W2) + g^+W2)-i 


T 


L Jg 


( 2 . 6 ) 


where 

T = zdz = -lisinOde + id^) , T = zd^ =-^ {sinOde - id^). (2.7) 

For fntnre nse, it is also convenient to write H± in terms of polar coordinates on the real 
plane as 

I (p + -) - P - i I, (2,8) 

d/ p ] 

Basis fnnctions T}(^^g( 2 ;, 7 ') for the (2/ + l)-dimensional irrep of sng(2) satisfy the rela¬ 
tions 0 


^3'^MNq — ^^MNqi — {[J ^ M]q[J ± M + l]q) ^ '^M±l,Nq-: 

^"^MNq = M = { —J, — J + I, ■ ■ ■ , J], \N\<J, (2.9) 


where J, M and N are simnltaneonsly integers or half-integers. Let ns remark that, when 
q E S^, the existence of snch a representation implies that the factorials do not vanish, 
hence that q is not a root of nnity. 
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Following Rideau and Winternitz Q, let ns write z) as 


Z) = ^MNqQjqiv) Q ^^'‘^R'iiNqiv) : 
Here, is a constant, which can be expressed as 

^ [J+M]q\ 


rj = zz. 


( 2 . 10 ) 


1/2 


R^MNq — CjNq 


[J-M]q\[2J]q\^ 


c 


JNq 


1 nj + N]q\[2J+l]q\ 


1/2 


\ 


7{J,N,q), 


( 2 . 11 ) 


[J-iV],! , 

in terms of some yet nndetermined normalization constant 'j{J,N,q), and g-factorials, de¬ 
fined by [x]q! = [x]q[x — l]q ... [l]g if X G N+, [0]g! = 1, and ([x]q!)~^ = 0 if x G N“. 
Eqnation ( |2.1U|) also contains two fnnctions of rj, Qjqijf) and RMMqiji). The latter is a 
polynomial, whose explicit form is given by 


R-^ 


MNqiv) = [J-N]q\[J-M]q\ 

xE 


-vY 


( 2 . 12 ) 


, [k]q\ [J-M- k]q\ [J-N- k]q\ [M + N + k]q \’ 
the snmmation over k being restricted by the condition that all the factorials in the de¬ 
nominator be positive. The former is defined by the fnnctional eqnation 

Qjq{(fri){^ + ^) = Qjg(^)(l + 9“^'^^), (2.13) 

whose solution, only determined up to an arbitrary multiplicative factor fjqirj) such that 


fjq{<Yri) = fjq{r]), 

will be discussed in detail for both q G M’*', and generic q G S^, in the next section. 
In terms of spherical coordinates, Eq. (|2.10|) becomes ^ 


(2.14) 




1/2 


MNq 


{9, 0) — CjNq 


X RmNq 


[J - E.! 

[J + iV],![ 2 jy; 

cos 9) 


—2J+M+7V -ArM/2 
t q 


(2.15) 


where 


pJ 

^MNq 


«> - ( I - MV I - 


^ = cos^. 


1 ^ ^.2 ^ 
T) = - = cot 

' 1 -e 2 ’ 


(2.16) 
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are g-Vilenkin functions. For integer J values, the functions (p) are proportional to 

g-spherical harmonics, while Pjq{^) = PhogiO g-analogues of Legendre polynomials. 

In the g —> 1 limit, the sUq(2) realization goes over into the su(2) realization 

H 3 = -zd, + zc^-N, H+ = -d, -z^c^ + Nz, H_ = z^d, + c^ + Nz, (2.17) 


the constant 7 ( J, N, q) into 7 ( J, iV, 1) = 1, and the g-Vilenkin functions into ordinary ones 
The latter are given by Eq. (p.l6|) , where [x]q —>• x, and Qjqijj) —>• Qjijj) = (1 + 
7 )“'^. The operators ( |2.17| ) satisfy Eq. (|2.4|) , and the functions J = |iV|, \N\ + 1, ..., 

M = — J, —J+1, ..., J, form an orthonormal set with respect to the scalar product 

pn p27T 


dzdz 
(1 + zz) 

where the integral over z, z extends over the whole complex plane. 


/ (izdz _ /“T _ 

——^'ipi{z,z)'ilj 2 {z,z) = - d9sm9 ^>2 (^, 0 ), ( 2 . 18 ) 

(1 + zz)^ 2 Jo Jo 


III DETERMINATION OF Qj^v) 


Following Rideau and Winternitz ^j, as a solution of Eq. (|2.13|) , we may consider the 
function 

Qjqiv) = 1^0 g^ = 1^0 g■^ -q~^v), (3-1) 


where i$o is a basic hypergeometric series in the notations of Ref. |^. 
For g G K"*", use of the g-binomial theorem |P] leads to the expressions 


^ A (! + «“>() 

QjqiV) ~ 11 /-i 1 _ 2 J+ 2 fc ^ 

(3.2) 

if 0 < g < 1 , and 


Qjqiv) 11 /-I 1 — 2 k -2 \ 

J + q V) 

(3.3) 

if g > 1 . For integer J values, both expressions reduce to the inverse 

of a polynomial. 


(3.4) 


whereas for half-integer J values, we are left with convergent infinite products. 

For generic q E and integer J values, Eq. ( p.4|) still remains a valid solution of 
Eq. ( p.l3| ). However, for half-integer J values, the inhnite products contained in Eqs. ( |3.2| ) 
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and ( |3.3|) , as well as other expressions of i<ho in terms of infinite series or prodncts, fonnd 
in Refs. |]^, are divergent. We have therefore to look for another solntion to Eq. ( [^.13| ). 
For snch a pnrpose, let ns linearize Eq. (p.l3|) into 

1 + 


Kjqiq v) - Kjq{ri) = In ■ 


l + r] 


by setting 


Kjqiv) = \nQjq{r]). 

In terms of the operator X = rjdq, Eq. (ED can be rewritten as 

- l) Kjq{7^) = - l) ln(l + 7^). 

Let ns consider the difference eqnation 

(q^ - q-^) Lq{r]) = Lq{q7]) - Lq{q-^r]) = ln(l + r]). 

If we are able to hnd a solntion to the latter, then 

- l) = L, - L,(q-^r,) 

will be a solntion of Eq. ( |R7|) . 

We will now proceed to demonstrate 


(3.5) 


(3.6) 


(3.7) 


(3.8) 


(3.9) 


Lemma III.l For 0 < r; < oo, and q = e" different from a root of unity, the function 

(3.10) 

(3.11) 


1 POO rjf , . 

^q(v) = t;— L 77VTF\ ’ «/ 0 < r < tt, 


27 ri Jo t(l + t) 

1 POO rjf , . 

= -7;— L TTWWa ’ if-TT<T< 0 , 


27 ri Jo t(l + t) 


zs a 


solution of Eq. @3). 


Proof. We note that if some fnnction Lq{ri) is a solntion of Eq. ( |3.8|) for q = e*'^, 
0 < r < TT, then —Lq-iijj) is also a solntion of the same. Hence, Eq. (|3.11|) directly resnlts 
from Eq. (|3.10D . It is also a simple matter to show that the integral on the right-hand 
side of Eq. (|3.10|) is convergent. It therefore only remains to prove that the latter satishes 
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Eq. (|3.8|) . For such a purpose, we have to separately consider the integral when rj is replaced 
by or by 

Let us introduce a function M{y) of a complex variable n, dehned by 

M{v) = [v{l + In (l + , (3.12) 

where on the right-hand side, there appear two multivalued functions and Inw, where 
tc = 1 -|- . 

For the function let us choose a branch cut along the positive real axis, so that 
exp(fra/7r), where n = |n| exp(ia), and 0 < a < 27r. On the two sides of such 
a cut, the argument of the logarithm on the right-hand side of Eq. ( p.l2| ), takes the values 

= 1 -I- if Ren > 0, Imn =-1-0, (3.13) 

and 

= 1 -I- ? 7 e*'^|n|'^A if Ren > 0, Imn = —0, (3-14) 

respectively. 

Considering next the function Inn;, it is easy to show that its branch point at n; = 0, 
and its branch cut along the negative real axis in the complex w plane cannot be reached 
within the truncated n plane, since the condition exp [fr(a/7r — 1)] = —1 cannot be fulfilled 
for 0 < r < TT, and 0 < a < 27r. 

Hence, when integrating the function M{v) in the complex v plane, one should consider 
contours avoiding the branch point n = 0, the branch cut Ren > 0, Imn = 0, and the 
simple pole at n = — 1. Let us consider the two vanishing contour integrals 

/ M(v)dv = [ M(v)dv = 0, (3.15) 

Jr+ Jr- 

where r+ and L" are the paths in the upper and lower halves of the v plane, displayed on 
Fig. 1. The former consists of the upper half C\ of a large circle of radius A centred at 
the origin, and described in the counterclockwise sense, the upper halves Cj' of two 
small circles of radius a, a', centred at n = 0 and n = — 1, respectively, both described in 
the clockwise sense, and three straight lines lying just above the real axis, and 




going from —A to —1 — a', from —1 + a' to —a, and from a to A, respectively. The latter 
path T” is dehned in a similar way. 

Taking now Eqs. ( 3.13 ) and ( 3.14 ) into account, we obtain 


2ni [Lq{qr]) — Lq{q ^rf)^ = lirn M{v)dv — j^M{v)dv\ . (3.16) 


Owing to Eq. ( p.l5|) , each of the integrals on the right-hand side of Eq. ( |3.16|) can be 
rewritten in terms of integrals along the other parts of the path T” or r"*". Those along 
(resp. L 2 ) and Li (resp. L^) obviously cancel. Furthermore 


lim 

A^oo 




M{v)dv — / M{v)dv 


ic- 


InA 

lim —— = 0, 

A^oo A 


(3.17) 


and 


lim 

a —>^0 


/ M(y)dv — / M(y)dv 
’c+ Jc- 


= 0 , 

a^O 


(3.18) 


SO that 

27ii (^Lg{qr]) — Lg{q~^r])^ = — f M{v)dv =—2Tii Res M{—1) = 27ii\n{l + r]), (3.19) 

where O^/ denotes the circle of radius a' centred at v = —1, and described in the counter¬ 
clockwise sense. Equation (|3.19|) completes the proof. ■ 

The results of the present section can be collected into 


Proposition III.2 The function Qjqirj), appearing on the right-hand side of Eq. ^2.1C\ ), 
is given by Eq. for integer J values, and either q E or generic q E S^, and by 

Eqs. ( \3.3i) and for half-integer J values, and g G K’*'. Eor half-integer J values, and 
generic q E S^, it can be expressed as 

Qjqirj) = exp [hq (q~^^~^7j) - Eg {q~^rj) } , (3.20) 

where Lqip) admits the integral representation given in Lemma \TTT2. 
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IV UNITARIZATION OF THE REPRESENTA¬ 
TIONS OF su,(2) ON 52 

In the present section, we will determine a new scalar product {'ipi\'ip 2 )q that unitarizes the 
realization (|2.6|) of suq(2), and goes over into the old one dehned in Eq. ( |2.18| ), 

whenever g —^ 1. For such a purpose, we shall hrst impose that Eq. (|2.4|) is satished by the 
realization ( p.6|) with respect to {4>i\'ip2)q- The residual arbitrariness in the measure will 
then be lifted by demanding that ('0i|V'2)q satishes the usual properties of a scalar product. 
We shall successively consider hereunder the cases where g G K"*", and generic q E S^. 


A The case where q G 

Let us make the following ansatz for {'il^i\'ip 2 )q, 

roo r27r /_ 

{'ipi\i’2)q = dp dct)yAq'ipi{p,(l),q) fi{p,q)q^^P^P'4)2{pA,(l) 

+ 0 , q) / 2 (p, q) (/>, q )), 


(4.1) 


in terms of the polar coordinates p, 0 on the real plane, dehned in Eq. (^). Here Oi, 02, 
and /i(p, g), f 2 {p,q) are some yet undetermined constants and functions of the indicated 
arguments, respectively, and Ag = is the operator that changes g into g“^, when 

acting on any function of g. 


Aq-il){p,(t),q) = ^ (^P,(j),q . 

It is easy to check that 

{^l)l\H3^l)2)q = {H3^l)l\^l)2)q 

with respect to (|4.1j) . Let us now impose the condition 


{^lJl\H+^p2)q = {H_^lJl\^lJ2)q. 


(4.2) 


(4.3) 


(4.4) 


By combining Eqs. ([2.6|) and ([4.1|), the left-hand side of this condition can be written 


as 


{'4^i\H+'fp2)q= {q-q ^ dp dcf) 
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+ g»lpg-*S^ + (3Af/2) + ^ ^i9^-(7V/2)\ 


-V’i(p,0 ,g)/2 (p,g)e 


g“ip 


-j<^ I 


g“V + 


g“ 2 p 


-p9p+(iV/2) 


qa2p^ia^-(3N/2) ^ ^ ^_ia^+(7V/2) \ ^-l\ 

qa.2p J \ / 


(4.5) 


After integrating by parts and making some straightforward transformations, it becomes 
{i^l\H+^l^ 2 )q= (q-q~^) ^ dp 

I /i (d" V, Vi (P, </>, ^2 (g“V, 0, ?) 

+ |^(^pg*9.+'^i+i+(3iv/2) + l^-4a,-a,-i-(7v/2)^^^ (p, 0, g-^)^ /i(p, g)^2 (g“v, 0, g) 


g“^“V + 


gai-lp 


+ I (g“^+V + 


qa.2+lp 


/2(gp,g)g^^"^^^^^^^Vi(p,</>,d) )V’2 {q''^p,(f>,q 


^^_,a,+a,-l-(3iV/2) ^ -g*3^-^+l+W2)j^^(p,0,g)j/2(p,g) 


X ^^2 (g“"p, 0, q ^ 


(4.6) 


On the other hand, for real q values the right-hand side of Eq. ([4.4| ) can be written as 

—1 c‘^'^ 


{H_'ipi\'4)2)q = (q-q 0 

X I l)g-p9p-W2) +^g.a,+(3w/2) + lg-a,-W2)|^^ (p, </-, g-^)^ 

X /i(p,g)^/’2 (g“V, 0,9) 

+ 1^1 (^p + l^^p9.+(^/2) _pq-id,-i3N/2) _ i 

X /2(p, 9)02 (9“V, 0, 9"^) }• (4.7) 


It now remains to equate the right-hand side of Eq. (|4.6| ) with that of Eq. (b:.7| ). Both 
of them being some linear combinations of four different types of terms, containing one of 
the operators q~P^p, or acting on some function, respectively, it is sufficient 
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to separately equate such terms. The conditions on the hrst two classes of terms impose 
that 

ai = -1, 02 = 1, (4.8) 

while those on the last two lead to the equations 

1 


q Mg M + 


q Vy 


fi {q V, q) = flip, q), 


(i[q P+f2iqp,q) = ( P+- 1/2(p,g), 


(4.9) 


whose solutions are given by 

Bi{q)q~^p 


/i(P,M = 


f2ip,q) = 


B2iq)qp 


(4.10) 


(1 +p2) (1 + g-2p2^’ ('X + p2^ ^,2^2^ 

in terms of two undetermined constants Bi[q), and i?2(?)- 

Let us now further restrict the sesquilinear form (B. where substitutions (|4.8| ) 
and (|4.1CI|) have been made, by imposing that it is Hermitian, i.e., 


{■l/'l|l/'2>s = {l/'2|l/'l>, 


(4,11) 


By a straightforward calculation, similar to that carried out for condition ([4.4|) , it can be 
shown that Eq. ([4.Ill) leads to the relation 


^2(9 ) = Bi(9), 


(4.12) 


As a consequence, there only remains a single undetermined constant B{q) = Bi{q) in 
Eq. (O), At this stage, it is important to notice that had we only considered a single term, 
instead of two, in Eq. 0). it would have been impossible to fulhl condition (f4.11|) . 

In addition, we remark that Eqs. (|1.4|) and (|4.11|) imply that 




(4.13) 


Hence, all the Hermiticity conditions ( p.4|) on the sUg(2) generators are satisfied by the 
form defined in Eqs. (|4T| ), (1]1), (|4.10|) , and (|4.12|) . The functions z), dehned in 

Eq. (p.lO|) , and corresponding to a fixed N value, but different J and/or M values, are 
therefore orthogonal with respect to such a form. 
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To make {'ipi\'ip 2 ) into a scalar product, it only remains to impose that it is a positive 
definite form. Since we also want that in the resulting Hilbert space, the functions thi/TYg 
with given J and N values, and M = — J, —J+1, ..., J, form an ortho normal basis for 
the sug(2) irrep characterized by J, a condition that combines both requirements is 

(^MTVgl^MWg) = 1) M = — J, —J + 1, . . . , J. (4-14) 


By using Eqs. (|2.5|) and (^.9[) for M ^ J, Eq. (^4.14|) can be transformed into the condition 


J 


'^'jNql'^JNq 


= 1 . 


(4.15) 


In Appendix A, the sqnared norm of is calculated by using Eqs. (|2.10|) , (|2.11|) , 
d^), (^, O, and by taking Eqs. ( |4.1| ), (|4.8| ), (|4.1(j| ), and (^4.12| ) into acconnt. The 
resnlting condition (|4.15|) reads 
Ing 


(H(g) 7(J, N, g-i) 7(J, N, q) + B{q) j{J, N, q) j{J, N, q-^)) 


= 1 . 


Since in the limit q ^ 1, 'j{J,N,q) —»• 1, we may choose 


7(J,iV,g) = l, B{q) = B{q) = 


q-q 


-1 


sinh T 


(4.16) 


(4.17) 


2 Ing r 

For g —> 1 or r —> 0, we find that B{q) —>• 1, so that ('0i|'02)g —^ (V'il'02), where the latter 
is given by Eq. ( |2.18|) , as it should be. 

The results obtained can be snmmarized as follows: 


Proposition IV.1 For q G M’*', the scalar product 

v-i 

/ dzdz 


q — q ^ r / - 

{'ipi\'ip2)q = J dzdzyi)i{z,z,q 






—zdz—zd-T—\ 


or 


+ '0i(2;,^,g) 


(1 + zz){l + q^zz) 


(1 + zz){l + q~‘^zz) 

q~^) 


'4)2{z,z,q) 




{'tpl\'tp2)q = 


-1 


q-q 
8 In g Jo 


r 2 TT 




dO sin 9 dcj) 
Jo 

1 


sin (0/2) + cos‘^{9/2) 


^sm(ld,-1^2(0,0,g) 


+ V'i(0,0,g) 


sin"^(0/2) + g2 cos^(0/2) 




(4.18) 


(4.19) 
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unitarizes the suq(2) realization B>' where N may take any integer or half-integer value. 
The functions or 0), defined in Egs. ^2.1(\) and ^2.1^ , where.] = \N\, 

|A^| + 1, ..M = —J, —J +1, .. J, and ■j{J, N, q) = 1, form an orthonormal set with 
respect to such a scalar product. 


From Proposition |IV.1|, we easily obtain 


Corollary IV.2 For q G the q-Vilenkin functions PliNq^C), defined in Eq. 
satisfy the orthonormality relation 

r+i /—- 1 


Q-Q 

Ahiq J-i 




_ (f) 




5 




[2J + 1]^ 


(4.20) 


q + q- 

B The case where q E 

Whenever q E S^, the ansatz (^?T| ) does not work, because though Eq. ( |4.(j|) remains valid, 
Eq. ([4.7|) is changed in such a way that both cannot be matched. Let us therefore change 
Eq. ( [4. ID into the following ansatz 

POO n27T /_ 

(0i|'02)q = dp d0(^0i(p,0,g)/i(p,g)g“i^^'’02(p,0,g) 

+ 4lg'0i(p, 0, q) f 2 {p, q) 0, g)), (4.21) 


where Oi, 02 , fi{p,q), 02 (p,?), and Aq keep the same meaning as before. 

Condition (|4.3|) is again automatically satisfied. Turning now to condition (14.4|) , it is 


easy to see that Eqs. (14.6|) and (14.71) remain valid, except for the interchange of 0i(p, 0, q) 


with 01 (p, 0, q~^). Hence, Eq. ( 14.41) is also fulfilled by choosing oi, 02, fi{p, q), and /2(p, q) 
as given in Eqs. (^^) , and (14.101) . 

A difference with the case where g G appears when imposing the Hermiticity condi¬ 
tion (14.111). The latter is now equivalent to the relations 


Pi(g) = Pi(g), P2 (g)= 52(g), 


(4.22) 
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showing that the real constants Bi{q), and B 2 {q) remain independent. In the present case, 
keeping only one of the two terms on the right-hand side of Eq. ( [4.211 ) would therefore lead 
to a well-behaved scalar product. 


As shown in Appendix B, condition ([4.15| ) now reads 
Ing 


q-q- 


- (Bi(«)| 7M iV, + B2(9)|7« Af. V‘)P) = 1. 


(4.23) 


Among the infinitely many solutions of this equation, we may select the most symmetrical 


one, 

7 ( J, N, q) = 1, B,{q) = B^iq) = (4.24) 

2 Ing T 

Hence, whenever g ^ 1 or r ^ 0, the limit of {'ipi\'ip 2 )q is again (' 0 i|'^ 2 ), as it should be. 

In conclusion, we obtain 


Proposition IV.3 For generic g G the scalar product 

.-1 . / 1 


(V'l|'02)g = 


q-q 

2 Ing 


dz dz ^1 q) 


^q 


-zdz—zd-^—l 


(1 -|- zz){l + q~‘^zz) 


i^2{z,z,q) 


+ ^i{z,z,q 1 ) 


(1 - 1 - zz){l - 1 - q'^zz) 


q 


zdz+zch+l 


'4^2{z,z,q 


- 1 ^ 


(4.25) 


or 


(V'l|V’ 2 )q = 


q-q 


-1 


dn g Jo 


dO sin^ 


r 2 -K 


dcf) 




+ V'i(0,0,g-i) 


sin^(6'/2) -I- g“2 cos^(6*/2) 
1 


sin^(6'/2) -I- g2 cos2(6'/2) 


q 


gsin.a«-i^2(0,0,g) 


(4.26) 


unitarizes the suq(2) realization B), where N may take any integer or half-integer value. 
The functions’^fjjq^^z^z), or 0), defined in Eqs. ^2. 1 (\ ) and \2.1^ ), where J = \N\, 

IV| -|- 1, ..., M = — J, —.J -|- 1, ..., J, and ■j{J, N, q) = 1, form an orthonormal set with 
respect to such a scalar product. 


Corollary IV.4 For generic q G S^, the q-Vilenkin functions Pii^q^C), defined in 
Eq. ( \2. 1 hp , satisfy the orthonormality relation 


q-q 


-1 r+i 


4Ing 7-1 




g + g-1 - {q-q-^)f 


q{i i)ae P^^g(^) 




q + q-^ + {q - q~^)f 






[2J 1]^ 


(4.27) 
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V Conclusion 


In the present paper, we did extend the study of the sUq(2) representations on a real two- 
dimensional sphere, carried out by Rideau and Winternitz in two ways. 

Firstly, we did prove that such representations exist not only for g G K’*', but also for 
generic q E S^. For such a purpose, we did provide an integral representation for the 
functions Qjqii]), entering the definition of the g-Vilenkin functions, whenever J takes any 
half-integer value. 

Secondly, we did unitarize the representations by determining appropriate scalar prod¬ 
ucts for both ranges of g values. Such scalar products are expressed in terms of ordinary 
integrals, instead of g-integrals, as is usually the case p. 

The resulting orthonormality relations for the g-Vilenkin and related functions should 
play an important role in applications to quantum mechanics, such as those considered in 
Refs. If 
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APPENDIX A: PROOF OF EQUATION (|4:T6|) 


The purpose of this appendix is to evaluate the squared norm of the function 

when the scalar product (|4.1|) is used, and Eqs. (|4.8|) , ([4.101) , and ([4.121) are taken into 

account. 

From Eqs. (|2.2|) , (|2.10|) , (|2.11|) , and ( p.l2|) , can be written in polar coordinates as 

CjNq 


[J + N],. 




(Al) 


Its squared norm can therefore be expressed as 



{B{q) q-^-^-% 


(A2) 


in terms of the integral 




dpQjq-Av) 


V 


J+N 


(1 + ? 7)(1 + q -'^ p ) 


Qjq {q ^v), 


(A3) 


and the same with q replaced by g h 

By introducing Eqs. (|3.2| ) and ( |3.3| ) into Eq. (|X3|), we obtain 

«oo oo ^ 1 _j_ ^2J-\-2k-\-2^\ _ 

1, = ^ n (i + N + 1,J-N+1) (A4) 


if 0 < g < 1, and 


In 



oo 

dp 


k=0 


(1 + g ^p) 

(1 + q^J-'^^p) 


+ iV + l,J-iV + l) (A5) 


if g > 1. In Eqs. (|A4|) and (|A5|) , we denote by Bq{x,y) Ramanujan’s continuous g-analogue 
of the beta integral [§ 


Bq{x,y) 



OO 


n 


(1 + q^+y+H) 

(1 + qH) 


0 < g < 1, 


(A6) 


to distinguish it from the discrete g-analogue of the same, known as Bq{x,y) (see e.g. 
Eq. (1.11.7) of Ref. 0). 
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From Eq. (5.8) of Ref. [^, Bq{x, y) is given for generic x values by 

TT (1 - - q^+y+^-^) 


Bq{x,y) = - 


sin 'xx 


n 


Li^ (1 _ gfc)(l _ g?;+fc-l) 


(A7) 


The values of x, which appear in Eqs. (|A4|) and ( |A5|) , being x = J + A^ + 1 GN''“,we have to 
calculate the limit of the right-hand side of Eq. (|A7|) when x —> m G N"*". Using L’Hospital 
rule, we hud 


1 — X 1 ^ 

lini - ^ -= (-1)-^, m e 

x^m sin TTX TT 


(A8) 


Hence, for x = y = m, n ^ N^, Eq. (^) becomes 

nr=-i'(i - q'^-n 


Bq{m,n) = (-l)™(lng) 


(A9) 


(lng)g“’”("'+™“b/2[n^ _ l]^i/ 2 ! [n — l]qi/ 2 ! 

(gl /2 _ g-l/ 2 ^ ^ ! 

where in the last step, we introduced g-factorials, defined as in Sec. 

From Eqs. (|A^), (|A5|), and ( |A9|) , it follows that for any g G 

^ _ 2(lng)g-'+^+i[J + iV],![J-iV],! 

(g-g-i)[2J + l],! 

By taking Eq. ( |2.11| ) into account, the squared norm of defined in Eq. ( |A2|) , therefore 


(AlO) 


becomes 


^JNq 


^JNq 


\nq 


Q q — q~ 
which proves Eq. (|4.16|) . 


Y {B{q) 7( J, N, J-I) 7( J, N, q) + B(q) 7( J, N, q) ~,(J, N, 


(All) 
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APPENDIX B: PROOF OF EQUATION (|^:23|) 


The purpose of this appendix is to evaluate the squared norm of the function 

when the scalar product (f4.21|) is used, and Eqs. ([4.8|) , (^4.10|) , and ([4.22|) are taken into 

account. 

Since for q E S^, is still given by Eq. (|Xl|), its squared norm reads 


'^JNq 


\ = _ - _ 

{[J + N]giy 


B2{q) 


C 


Biiq) 
2 


c. 


JNq 




JNq- 


Here I' denotes the integral 


poo 

K = dvFjq{v)v 


q -^0-1 


J+N 


with 


Fjqiv) = Qjqiv) 


■ Qjq {q ^v) ■ 


(Bl) 


(B2) 


(B3) 


(1 + ?7)(1 + q-^r]) 

According to whether J is integer or half-integer, we have to insert Eq. dO) orEq. O) 
into Eq. (|B3|) . In both cases, the result reads 


2J+1 ^ 

” IJ, 1+7^' 


(B4) 


This is obvious in the former case. In the latter, by using the property Lq{jj) = —Lq{ri), 
Eq. ([B3| ) can be transformed into 

1 


Fjqiv) = exp{-Lq(^q‘^-^+^v) + Lqiqv)} 


(1 -h v)i^ + q~‘^v) 


exp 


[Lq (q ^v) -Lqiq ^v)} 


2J+1 




p=0 


(1 -h v)i^ + q~‘^v) 

L 7 m) - Efe’S)] + [i, h’S) - ia( 9 “y)]|- 


(B6) 


Repeated use of Eq. (|3.8|) for various arguments then directly leads to the searched for 
result (p^) . 

To evaluate X' for Fjqiv) given by Eq. ([BID, we cannot use the same method as that 
employed in Appendix A to calculate Xq, because in the g-analogue of the beta integral. 
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given in Eq. ( |A 6 |) , q is assnmed real. Let us therefore rewrite the integrand of X' in the 
form 

2-^+1 

(B 6 ) 


, ^ 2 p- 2 J ’ 

where the coefficient is the residue of Fjq{r}) at the pole rj = —q‘^P 


-2N 


, i.e., 


J+i 


X 


_l)Pg-^(2p-2J) 


niF = (-iy+^ _i 

" ^ ^ (g-g-i)2^+i [p]^\[2J-p+l]r 


(B7) 


Then 


GjM ^ 


- 1 ) 


J+N _i 


J+N 

J+1 2J+1 


E 


-lyq 


p N{2p-2J) 


ln(77 + g2p-2^). (B 8 ) 


(^_^-i)2j+i ^ [2J-P+1]J 

To calculate the values of Gjq{r}) for 77 —>• cx) and 77 = 0, the following identities |Q will 
be useful: 

2J 


2J+1 

(i;h)r^ - E 

p=0 

d 2 J +1 

dd ^ ^0 L 


where 


2J+ 1 

p 

2J + 1 

p 


n 


pV=^(l + q^P-^Jp)^ 


p=0 


2J 

ppP-^ = ^ g2p-2J (1 + g2r-2J^ 

p=0 


2J 


r=0 

r^p 




m 


<?• 


[p]g! [n-p]. 


is a g-binomial coefficient. From Eq. (P9|) , we obtain 

2J+1 


(l; '■" = 1 : (- 1 )- 

^ p=0 


2J+ 1 

p 


= 0 , 


(B9) 

(BIO) 

(Bll) 

(B12) 


because on the right-hand side, the factor (1 —g^^ 2 j+ 2 Af^ vanishes for p = J — N. Similarly, 
from Eq. (|B1(]| ), we get 


d , 


2J+1 


2J+1 

= E(-irv 


2J + 1 

p 


Q 


2N{p-l) 


-I Q 


= {-iy+^{q-q-^f-^[J-N]q\[J + N]q\q^^^-^-^\ (B13) 


since on the right-hand side, only the term corresponding to p = J — N leads to a nonvan¬ 
ishing result. 
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By noting that for r/ 3> 1, 


ln(77 + ~ ln(r7) + 


q 


2p-2J 


T] 




it directly results from Eq. 


that 


lim Gjg{r]) = 0 . 


r?—>oo 


Furthermore, from Eqs. (|B12|) and ([B13|) , we obtain 


G'jg(O) - 


(_l)j+jv^j+i In g 2^1 (-l)^(2p - 2J)g^(2p-2j) 




E 


p=o [p]^ [2^-p+l]g! 

^ 2 J +1 
P 


2 (—In o 2 J +1 
A q ing ^(_i)Pp 


[ 2 J + 1 ]^! (q - g-i) 2 J+i 
2[J + N]g\[J - N]g\q^+^+^ In q 


q 


N{2p-2J) 


(B14) 


(B15) 


(B16) 


PJ + I],!(?-?-') 

By taking Eqs. (|B8D, ( |B15| ), and ( |B16| ) into account, we conclude that for generic q G S^, 


X', defined in Eq. (P^), is given by 


I' = 
<? 


2(ing)g^+^+i[j + iV]g! [J - iV]g! 


(g-g-i)[ 2 J + l]g! 

By combining this result with Eqs. (|2.11|) , (|4.15|) , and (pl|) , Eq. ( |4.23|) directly follows. 


(B17) 
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Figure caption 


Fig. 1. Contours in the complex v plane used in the proof of Lemma |IIL1| 
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